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WEAK AMENABILITY OF FOURIER ALGEBRAS ON
COMPACT GROUPS
BRIAN E. FORREST, EBRAHIM SAMEI AND NICO SPRONK
Abstract. We give for a compact group G, a full characterisation
of when its Fourier algebra A(G) is weakly amenable: when the con-
nected component of the identity Ge is abelian. This condition is also
equivalent to the hyper-Tauberian property for A(G), and to having the
anti-diagonal ∆ˇ = {(s, s−1) : s ∈ G} being a set of spectral synthesis
for A(G×G). We show the relationship between amenability and weak
amenability of A(G), and (operator) amenability and (operator) weak
amenability of A∆(G), an algebra defined by the authors in [10]. We
close by extending our results to some classes of non-compact, locally
compact groups, including small invariant neighbourhood groups and
maximally weakly almost periodic groups.
1. Background and Notation
1.1. Context. B. E. Johnson [22], showed that for the compact Lie group
G = SO(3) , the Fourier algebra A(G) is not weakly amenable. At the time
that article was written, the result was a surprise, since it was expected that
A(G) should be amenable for any amenable locally compact group, and in
particular for any compact group, in analogy to the famous characterisation
of amenability of group algebras L1(G) [20]. Very soon after that, Z.-J. Ruan
[29] showed that if one puts a suitable operator space structure on A(G),
then A(G) is operator amenable exactly when G is amenable. This was the
first evidence of the important role that the operator space structure would
play in understanding the cohomology of A(G) for non-commuative groups.
Indeed, Johnson’s paper combined with earlier work of V. Losert [25], led to
the conjecture that A(G) would be amenable as a Banach algebra precisely
when G was almost abelian, i.e. G admits an abelian subgroup of finite index.
This conjecture was finally settled affirmatively by the first author and V.
Runde [9]. Refelected in this result is the fact that the Fourier algebra
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has a trivial operator space structure precisely when G admits an abelian
subgroup of finite index [12].
On the separate question of weak amenability, Johnson [21] showed that
L1(G) is always weakly amenable. The operator space analogue of that
result was established for Fourier algebras by the third author [33], and
independently by the second author [31]: A(G) is always operator weakly
amenable. However, the failure of A(SO(3)) to be weakly amenable in the
classical sense demonstrates once again that the operator space category
was the right one to consider for weak amenability of A(G), just as it was
for amenability of A(G). This time though, classical weak amenability for
A(G) did not require the group G itself to be almost abelian. Indeed, as
early as 1988, the first author showed A(G) to be weakly amenable for all
discrete G. In [22], Johnson proved that A(G) is weakly amenable for any
compact totally disconnected group. This result was extended to a wider
class of locally compact groups by the first author in [8]: if G = A×D where
A is abelian and D is totally disconnected, then A(G) is weakly amenable.
Together, these positive results pointed to the structure of the connected
component Ge of G as the deciding factor in the question of the potential
weak amenability of A(G). In fact, as early as 1996, and even prior to
the appearance of [8] in print, it had been conjectured that A(G) is weakly
amenable precisely when Ge is abelian. One direction of this conjecture
was established by Forrest and Runde [9] who showed that in fact A(G) is
weakly amenable when Ge, the connected component of the identity in G is
abelian. They also presented evidence for the converse when G is a small
invariant neighborhood group.
The third author [32] developed the theory of hyper-Tauberian commu-
tative Banach algebras. Though the hyper-Tauberian propety was ori-
gianally developed to study reflexivity of spaces of derivations it implies
weak amenability, and its theory parallels the theory of weak amenability
quite closely. In particular, A(G) is always operator hyper-Tauberian, and is
hyper-Tauberian when Ge is abelian. (Unfortunatly, the proof of the latter
fact [32, Theorem 21] contains a minor error; this error is repaired in [10,
Theorem 3.7].) As is the case with weak amenability, it is thought likely
that A(G) is hyper-Tauberian only when Ge is abelian.
In the present article, we show that for compact groups, weak amenability
of A(G) does indeed imply that Ge is abelian. Using this result, we can
establish the converse of the above mentioned weak amenability conjecture
for all small inavriant neighborhood groups and for any maximally almost
periodic group. Moreover, our result also shows that many non-abelian,
non-compact connected Lie groups do not have weakly amenable Fourier
algebras. A similar statement regarding when A(G) is hyper-Tauberian
necessarily follows as well.
The paper is organised as follows. We first deal with compact G. In Sec-
tion 2.1 we establish the main result of this article: A(G) is weakly amenable
only when Ge is abelian. Moreover, we show that if A(G) admits even a
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weakly amenable ideal, then Ge must be abelian. In Section 2.2 we show
that there is a connection between weak amenability of A(G) and spectral
properties of the antidiagonal ∆ˇ for A(G×G). We then examine the weak
amenability, and amenability of A(G), in relation to the same properties
for A∆(G), in Section 2.3. The interesting algebras A∆(G) arose in the au-
thors’ previous paper [10], and, as we further demonstrate here, hold much
of the structural information of the Fourier algebras of compact groups. In
the second part of the paper, we use the results for compact groups to ob-
tain similar results for more general locally compact groups, including small
invariant neighbourhood groups and maximally almost periodic groups.
The present study owes much of its motivation to work done by the au-
thors in [10], to an extend that we consider this article a successor to that.
The second two authors were also motivated by techniques they discovered
whilst working on [1]. Perhaps not surprisingly, operator spaces will again
play a significant role in this investigation.
1.2. Amenability, weak amenability and the hyper-Tauberian prop-
erty. We will be making non-trivial use of operator spaces in Sections 2.3
and 3.2. We will follow the definitions and notational conventions of [5]. In
particular, we use the ideas of completely bounded, completely contractive,
completey isometric and complete quotient operators; operator dual spaces;
and the operator projective tensor product V⊗̂W of two complete opera-
tor spaces. We use X ⊗γ Y to denote the projective tensor product of two
Banach spaces. A completely contractive Banach algebra is a complete oper-
ator space A, which admits an associative product m0A : A⊗A → A which
extends to a complete contraction mA : A⊗̂A → A. A complete opera-
tor space and A-bimodule V is a completely contractive A-bimodule if the
left and right actions A ⊗ V,V ⊗ A → V extend to complete contractions
A⊗̂V,V⊗̂A → V.
Let A be a (completely contractive) Banach algebra. Following [20, 29],
we say that A is (operator) amenable if every (completely) bounded deriva-
tion D : A → V∗ – i.e. linear map for which D(ab) = a·D(b) +D(a)·b – for
an (completely) bounded dual bimodule V, is inner – i.e. there is f in V∗
such that Da = a·f − f ·a. We say A is (operator) weakly amenable if every
(completely) bounded derivation D : A→ A∗ is inner. If A is commutative,
(operator) weak amenability is equivalent to having no non-zero derivations
D : A → V∗ for every symmetric – i.e. a·v = v·a – (completely) bounded
bimodule V (see [2, Theorem 1.5] and [12, Proposition 3.2]).
Let A be a commutative (completely contractive) Banach algebra. We
suppose further that A is a regular function algebra on a locally compact
space X. If ϕ ∈ A∗ we define
suppϕ =
{
x ∈ X :
for every neighbourhood U of x there is f
in A such that suppf ⊂ U and ϕ(f) 6= 0
}
.
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Here suppf = {x ∈ X : f(x) 6= 0}. An operator T : A→ A∗ is called a local
map if
suppTu ⊂ suppu
for every u in A. We say A is (operator) hyper-Tauberian on X if every
(completely bounded) bounded local map T : A → A∗ is an A-module
map. This concept was developed by the third author in [32]. In that
article, all results were stated for the case that X is the Gelfand spectrum
of A; however, many of the proofs are valid in the more general assumptions
that A is a regular function algebra on X. For example, if A is (operator)
hyper-Tauberian then it is Tauberian and (operator) weakly amenable by
[32, Theorem 5] (resp. [32, Theorem 26(ii)]). However, it is possible for A
to be weakly amenable but not hyper-Tauberian [32, Remark 24(ii)].
Now we suppose that A is a regular (completely contractive) Banach
function algebra on a locally compact space X. If E is a closed subset of X
we let
IA(E) = {u ∈ A : u(x) = 0 for every x in E}
IcA(E) = {u ∈ IA(E) : suppu is compact}, and
I0A(E) = {u ∈ A : suppu is compact and suppu ∩E = ∅}
We say that E is a set of spectral synthesis, or is simply spectral, for A,
if IA(E) = I0A(E). We say A is Tauberian on X if the empty set ∅, qua
subset of X, is a spectral for A. We say E is a set of local synthesis if
IcA(E) ⊂ I
0
A(E). Note that if A is unital, and hence X is compact, local
synthesis is the same as spectral synthesis. We say that E is approximable
for A if IA(E) admits a bounded approximate identity. We say E is essential
for A if IA(E) is an essential module over itself, i.e. IA(E)2 = IA(E).
Let us summarise, for convenience of the reader, some of the strong con-
nections which exist between the amenability-like properties, listed above,
and properties of ideals.
Lemma 1.1. Let A be a regular (completely contractive) Banach function
algebra on a locally compact space X, such that A ⊗γ A (resp. A⊗̂A) is
semi-simple. Then the following conditions hold.
(i) A⊗γ A (resp. A⊗̂A) is regular on X×X.
(ii) The product map mA : A⊗
γA → A (resp. mA : A⊗̂A → A) satisfies
kermA = IA⊗γA(∆) (resp. kermA = IAb⊗A(∆)) where ∆ = {(x, x) : x ∈ X}.
(iii) A is (operator) amenable if and only if A has a bounded approximate
identity and ∆ is approximable for A⊗γ A (resp. A⊗̂A).
(iv) A is (operator) hyper-Tauberian on X if and only if A is Tauberian
and ∆ is a set of local synthesis for A⊗γ A (resp. A⊗̂A).
(v) If A has a bounded approximate identity, then A is (operator) weakly
amenable if and only if A2 = A and ∆ is essential for A⊗γA (resp. A⊗̂A).
Proof. (i) This is [35, Theorem 3]. The semisimplicity of A ⊗γ A (resp.
A⊗̂A) is sufficient to guarantee that it is a function algebra on X×X.
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(ii) This is immediate.
(iii) This follows from (i) and a splitting result of [24] (see also [3, Theorem
3.10]). The proof of [3, Theorem 3.10] can be adapted work in the completely
contractive case, see [36, Theorem 3] or [11, Lemma 2.1].
(iv) This is [32, Theorem 6]. It is noted in the proof of [10, Thoerem 3.10]
how to adapt this to the operator space setting. We note that these proofs
work for our general assumptions so we do not need that X is the spectrum
of A.
(v) This follows fom (ii) and [13, Theorem 3.2] (see [33, Section 2] for the
completely bounded version). 
1.3. The Fourier algebra and some of its algebras. The Fourier alge-
bra A(G), for any locally compact group, was defined in [6]. A(G) gains it
operator space structure from being the predual of a von Neumann algebra;
see [6, (3.10)] and then [5, Section 3.2]. We note that A(G)⊗γA(G) is natu-
rally isomorphic to A(G×G) only when G has an abelian subgroup of finite
index, by [25]. However, A(G)⊗̂A(G) ∼= A(G×G) completely isometrically,
via the natural identification; see [5, Theorem 7.2.4].
If G is a compact group we let ∆ = {(s, s) : s ∈ G} denote the diagonal
subgroup of G×G, and let
A(G×G :∆) = {u ∈ A(G×G) : r·u = u for r in G}
where r·u(s, t) = u(srtr). Then A(G×G :∆) is the closed subspace consists
of A(G×G) which of functions constant on left cosets of ∆. There is a
homeomorphism of the left coset space G×G/∆ with G given by (s, t)∆ 7→
st−1. We let
A∆(G) = {u in C(G) : u(s) = w(s, e) for some w in A(G×G :∆)}
The map
Γ : A(G×G)→ A∆(G), Γw(s) =
∫
G
w(st, t)dt
is surjective, and is injective on A(G×G : ∆). We endow A∆(G) with the
norm and operator space structure which make Γ a complete quotient map.
We note then that
(1.1) N : A∆(G)→ A(G×G :∆), Nu(s, t) = u(st
−1)
is thus a complete isometry. We note that A∆(G)⊗̂A∆(G) ∼= A∆(G×G) by
[10, Proposition 2.5]. If we repeat the procedure above we obtain
A∆2(G) = Γ
(
A∆(G×G)
)
.
We can do a similar construction with ∆ˇ = {(s, s−1) : s ∈ G}. We let G×
G/∆ˇ denote the set of equivalence classes modulo the equivalence relation
(s′, t′) ∼ (s, t) if and only if (s′s−1, t−1t′) ∈ ∆ˇ, so G×G/∆ˇ, with the quotient
topology, is homeomorphic to G via (s, t)∆ˇ 7→ st. We let
A(G×G : ∆ˇ) = {u ∈ A(G×G) : r ⋄ u = u for r in G}
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where r ⋄ u(s, t) = u(sr, r−1t). Similarly as above, A(G×G : ∆ˇ) is a closed
subalgebra of A(G×G). Let
Aγ(G) = {u in C(G) : u(s) = w(s, e) for some w in A(G×G : ∆ˇ)}
Then the map
Γˇ : A(G×G) → Aγ(G), Γw(s) =
∫
G
w(st, t−1)dt
is surjective, and is injective on A(G×G : ∆ˇ). We endow Aγ(G) with the
norm and operator space structure which make Γˇ a complete quotient map.
We also note that
Nˇ : Aγ(G)→ A(G×G : ∆ˇ), Nu(s, t) = u(st)
is a complete isometry.
We note the origional construction of Aγ(G), from [22]. Let us first ob-
serve that A(G) has the approximation property, being metrically an ℓ1-
direct sum of finite dimensional trace class algebras [18, (34.4)], and thus
A(G) ⊗γ A(G) is semi-simple with spectrum G×G, by [35, Theorem 4].
Thus A(G) ⊗γ A(G) can be regarded as a subalgebra of A(G×G), and we
can restrict the maps Γ and Γˇ to A(G) ⊗γ A(G). We have
Γ
(
A(G) ⊗γ A(G)
)
= Γˇ
(
A(G) ⊗γ A(G)
)
= Aγ(G)
as was observed in [10, Section 4.2]. Moreover, each of Γ, Γˇ : A(G)⊗γA(G)→
Aγ(G) are quotient maps. In [22], Aγ(G) is used in a careful and clever way
to study the amenability properties of A(G). It is curious that the projective,
and operator projective products of A(G) produce the same result, here.
It is easily shown (see [10, Section 2.1 & Section 4.2]) that
A∆2(G) ⊂ Aγ(G) ⊂ A∆(G) ⊂ A(G).
with equality holding for any pair, and hence all pairs, exactly when G has
an open abelian subgroup. Moreover, the inclusion map are all contractions.
We note that each of A(G) and A∆(G) have spectrum G – see [6] and [10,
Proposition 1.1] respectively – and A(G) is Tauberian. Since A(G×G) is
regular on G×G, it follows that each of A∆(G) and Aγ(G) is regular on G;
inductively it follows that A∆2(G) is regular on G. For example, if K and
L are disjoint compact subsets of G, then K∗ and L∗ are disjoint compact
subsets of G×G where E∗ = {(s, t) ∈ G×G : st−1 ∈ E} for E ⊂ G. Find
w ∈ A(G×G) such that w|K∗ = 1 and w|L∗ = 0. Then u = Γw satisfies
u|K = 1 and u|L = 0, showing that A∆(G) is regular on G. Though we
suspect it to be true, we have not verified that either Aγ(G) or A∆2(G) have
spectrum G.
2. Compact groups
2.1. Weak amenability of Fourier algebras. We let Ge denote the con-
nected component of the identity in G. The following result, for compact
groups, is the the converse of [9, Theorem 3.3].
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Theorem 2.1. Let G be a compact group. Then the following are equivalent:
(i) A(G) is weakly amenable;
(ii) A(G) is hyper-Tauberian;
(iii) Ge is abelian.
Proof. That (iii) implies (ii) is [32, Theorem 21]. That (ii) implies (i) is [32,
Theorem 5]. (We note that (iii) implies (i) follows from [9, Theorem 3.3].)
Thus it suffices to show that (i) implies (iii).
The restriction map u 7→ u|Ge from A(G) to A(Ge) is a surjection by [16].
Thus, by [4][Proposition 2.8.64], if A(G) is weakly amenable, then so too
must be A(Ge). Hence we assume that G is connected, so G = Ge.
Suppose G is connected and nonabelian. Then by [28, Theorem 6.5.6]
there is a family {Gi}i∈I of compact connected Lie groups, at least one of
which is simple (in the sense of Lie groups) such that
G ∼=
(∏
i∈I
Gi
)
/A
where A is a closed subgroup of the centre of P =
∏
i∈I Gi. Let Gi0 be
simple. Then, as shown in [27], there is a closed subgroup K of Gi0 such
that
either K ∼= SU(2) or K ∼= SO(3).
Let H = KA/A, where K is embedded into P in the natural way. By the
second isomorphism theorem, H ∼= K/(K ∩A). We have K∩A ⊂ Z(K), the
centre of K. We note that Z(SO(3)) is trivial, while Z(SU(2)) = {−1, 1} and
SU(2)/{−1, 1} ∼= SO(3). It follows that H is isomorphic to one of SO(3) or
SU(2). In either case, it follows from [27] (via [22, Corollary 7.3]) that A(H)
is not weakly amenable. Since H is isomorphic to a closed subgroup of G,
the restriction map gives a homomorphism from A(G) onto A(H). Hence
A(G) can not be weakly amenable either.
Thus we conclude that for A(G) to be weakly amenable, Ge must be
abelian. 
Theorem 2.2. For a compact group G, if A(G) contains a weakly amenable
non-zero closed ideal, then Ge is abelian.
Proof. Let I be a non-zero closed ideal, and
E = hull(I) = {s ∈ G : u(s) = 0 for every u in I}.
Suppose I is weakly amenable. Since left translation u 7→ s∗u (s∗u(t) =
u(s−1t)) is an automorphism of A(G), for each s in G, each s∗I is an ideal
with hull(s∗I) = sE. For each finite subset F of G, the ideal IF =
∑
s∈F s∗I
is weakly amenable. Indeed, I∗F is a symmetric module over each s∗I, so by
[2, Theorem 1.5] any bounded derivation D : IF → I
∗
F must satisfy D|s∗I =
0 for each s in F . Moreover, hull(IF ) = ∩s∈F sE. By finite intersection
property we have either that
(a) ∩s∈F sE = ∅ for some F , or
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(b) ∩s∈GsE 6= ∅.
In case (b), there is some t ∈ ∩s∈GsE, and thus s ∈ Et
−1 for every s in G,
which implies that E = G. However, hull(I) = G, only for I = {0},
contradicting assumptions. Hence case (a) holds, and for such F , IF =
A(G), since A(G) is Tauberian. But then A(G) itself is weakly amenable,
and Ge is abelian by Theorem 2.1. 
2.2. Spectral synthesis of the anti-diagonal. LetG be a compact group.
Lemma 2.3. Let θ : G×G→ G be given by θ(s, t) = st−1, and θˇ : G×G→
G be given by θ(s, t) = st. Then for a closed subset E of G, the following
are equivalent:
(i) E is spectral [approximable/essential] for Aγ(G);
(ii) θˇ−1(E) is spectral [approximable/essential] for A(G×G);
(iii) θ−1(E) is spectral [approximable/essential] for A(G) ⊗γ A(G);
(iii’) θˇ−1(E) is spectral [approximable/essential] for A(G) ⊗γ A(G).
Proof. The equivalence of (i) and (iii) follows immediately from [10, Corol-
lary 1.5].
The equivalence of (i) and (ii), respectively of (i) and (iii’), follows simi-
larly, but a few modifications are required. In [10, Theorem 1.4] we implic-
itly used the group action of G on A(G×G), respectively on A(G)⊗γ A(G),
given by (r, w) 7→ r·w (where r·w(s, t) = w(sr, tr)); see [34, Theorem 3.1] to
see this action used more explicitly. If the above group action is replaced
by (r, w) 7→ r ⋄ w (where r ⋄ w(s, t) = w(sr, r−1t)), then it can be shown,
similarly to [10, Theorem 1.4] or [34, Theorem 3.1], that
ΓˇIA(G×G)(θˇ
−1(E)) = IA(G)(E) and 〈Nˇ IA(G)(E)〉 = IA(G×G)(θˇ
−1(E))
where A(G×G) is A(G×G), respectively A(G)⊗γA(G), and 〈S〉 denotes the
closed ideal generated by S. The desired results then can be proved exactly
as in [10, Corollary 1.5]. 
In [9] it is shown that A(G) is amenable exactly when ∆ˇ = {(s, s−1) :
s ∈ G} is an element of the coset ring of G×G, exactly when G admits an
abelian subgroup of finite index. The next result is analogous to that.
Theorem 2.4. Let G be a compact group. Then the following are equivalent:
(i) A(G) is weakly amenable;
(ii) ∆ˇ is spectral for A(G×G);
(iii) ∆ˇ is essential for A(G×G);
(iv) Ge is abelian.
Proof. The equivalence of (i) and (iv) is established in Theorem 2.1. That
(ii) implies (iii) is clear.
If (iii) holds, then θˇ(∆ˇ) = {e} is essential for Aγ(G) by Lemma 2.3, (iii)
implies (i). It then follows, as in the proof of [22, Theorem 7.2], that A(G)
is weakly amenable.
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If (iv) holds, then A(G) is hyper-Tauberian by [32, Theorem 21]. But
then by [32, Theorem 6] ∆ is a set of local synthesis for A(G) ⊗γ A(G),
hence a set of synthesis as G is compact. Thus by Lemma 2.3, (iii) implies
(i), {e} is a set of synthesis for Aγ(G). But by Lemma 2.3, (i) implies (ii),
we get that ∆ˇ is spectral for A(G×G). 
We finish this section by giving alternative proofs to some results from
[22]. While our proof is ultimately no more efficient than the proofs given
there, it places the results in a more general framework.
Proposition 2.5. Let G be a compact group. Then
(i) [22, Theorem 3.2] A(G) is amenable if and only if IAγ(G){e} has a
bounded approximate identity; and
(ii) [22, Theorem 7.2] A(G) is weakly amenable if and only if IAγ(G){e}
2 =
IAγ(G){e}.
Proof. These are immediate consequences of the equivalence of (i) and (iii)
in Lemma 2.3, and Lemma 1.1, (iii) and (v), respectively. 
2.3. The connection between cohomology of A(G) and cohomology
of A∆(G). We illustrate, in the next two theorems, a curious connection
that exists between cohomology of A(G), operator cohomology of A∆(G)
and cohomology of A∆(G).
Theorem 2.6. Let G be a compact group. Then the following are equivalent:
(i) A∆(G) is operator weakly amenable;
(i’) A∆(G) is weakly amenable;
(ii) A∆(G) is operator hyper-Tauberian;
(ii’) A∆(G) is hyper-Tauberian;
(iii) Ge is abelian.
Proof. That (i’) implies (i), and (ii’) implies (ii) are clear. That (ii’) implies
(i’) is from [32, Theorem 5], and the completely bounded analogue, that (ii)
implies (i), is noted in [32, Theorem 26]. That (iii) implies (ii’) is from [10,
Theorem 3.7] and the identification A∆(G) = A(G×G :∆). Thus it remains
to show that (i) implies (iii).
If A∆(G) is operator weakly amenable, then since A∆(G)⊗̂A∆(G) ∼=
A∆(G×G) by [10, Proposition 2.5 (i)], it follows Lemma 1.1 that
(2.1) IA
∆2
(G){e}2 = IA
∆2
(G){e}.
We will show that
(2.2) IAγ(G){e}
2 = IAγ(G){e}.
Indeed, let us first note that
(2.3) IA
∆2
(G){e} is dense in IAγ(G){e}.
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Since A∆2(G) is dense in Aγ(G), for any u in IAγ(G){e} there is a sequence
(un) ⊂ A∆2(G) which converges to u. We note that
|un(e)| = |un(e)− u(e)| ≤ ‖un − u‖∞ ≤ ‖un − u‖Aγ
n→∞
−→ 0.
Thus if u′n = un−un(e)1, then (u
′
n) ⊂ IA
∆2
(G){e} with limn→∞ ‖u
′
n − u‖Aγ =
0. Then (2.2) follows form (2.1) and (2.3).
By Proposition 2.5 (ii), (2.2) implies that A(G) is weakly amenable. Thus
it follows from Theorem 2.1 that Ge is abelian. 
Theorem 2.7. Let G be a compact group. Then the following are equivalent:
(i) A∆(G) is operator amenable;
(i’) A∆(G) is amenable;
(ii) A(G) is amenable;
(iii) G admits an open abelian subgroup.
Proof. Clearly (i’) implies (i). The equivalence of (ii) and (iii) is [9, Theorem
2.3]. By [10, Corollary 2.4], if (iii) holds then A(G) = A∆(G), isomorphi-
cally, and hence (i’) holds. Thus it suffices to show that (i) implies (ii).
If (i) holds, then from Lemma 1.1 (iii) we have that IA∆(G×G)(∆) has
a bounded approximate identity. But then it follows from [10, Corollary
1.5 (i)] that IA
∆2
(G){e} has a bounded approximate identity. From (2.3)
it follows that IAγ(G){e} has a bounded approximate identity. Then by
Proposition 2.5 (i), A(G) is amenable. 
Comparing Theorems 2.6 and 2.7, it seems that the operator cohomology
of A∆(G) is trivial exactly when the same is true of the cohomology of
A∆(G), which, in turn, is the same as the vanishing of the the cohomology
of A(G). This leads to a natural question.
Is the operator space structure on A∆(G) maximal?
A positive answer to the above question would explain many of the implica-
tions if Theorems 2.6 and 2.7. Though it seems unlikely that the operator
space structure on A∆(G) is maximal, in general, there is further curiosity
related to this, which we indicate below.
As shown in [9, Proposition 1.5], the map u 7→ uˇ : A(G) → A(G) (where
uˇ(s) = u(s−1)) is completely bounded only when G has an abelian subgroup
of finite index. By [12, Theorem 4.5], this is equivalent to A(G) having the
maximal operator space structure. However, this map is a complete isometry
only when G is abelian; see [19, Proposition 3.1] and [30, Proposition 3.4].
Proposition 2.8. For any compact group G, the map u 7→ uˇ is a complete
isometry on A∆(G).
Proof. The map σ : G×G → G×G given by σ(s, t) = (t, s) is an iso-
morphism, hence Jσ : A(G×G) → A(G×G), Jσw = w◦σ, is a completely
isometric homomorphism; see, for example, [19, Proposition 3.1]. It is clear
that Jσ(A(G×G :∆)) = A(G×G :∆). Let N be as in (1.1), so N has inverse
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M : A(G×G :∆) → A∆(G) given by Mw(s) = w(s, e), which is thus also a
complete isometry. We note that
[MJσNu](s) = [JσNu](s, e) = Nu(e, s)
†
= Nu(s−1, e) = u(s−1) = uˇ(s)
where we used that Nu ∈ A(G×G : ∆) at †. Hence u 7→ uˇ, which factors
as three complete contractions, is itself a complete contraction. This map is
obviously its own inverse, hence is a complete isometry. 
3. Some non-compact groups
3.1. A general weak amenability result.
Theorem 3.1. If G is a locally compact group for which A(G) admits a
non-zero weakly amenable ideal, then G contains no non-abelian compact
connected subgroups. In particular, this holds for I = A(G).
Proof. Let I be a non-zero ideal of A(G), and K be a connected compact
subgroup of G. Since E = hull(I) 6= G, there is s in G such that sE 6⊃
K, and s∗I is also a weakly amenable ideal. Since the restriction map
u 7→ u|K : A(G) → A(K) is surjective, by [16], J = s∗I|K is a closed
ideal of A(K). The choice of s ensures that hull(J ) 6= K. Since J is the
closure of the image of a weakly amenable algebra, J is weakly amenable
by [4, Proposition 2.8.64]. It then follows from Theorem 2.2 that K must
be abelian. 
The above result while very broad, misses still some key examples such
as SL2(R), the ax + b-group and the Heisenberg group. As we mentioned
before, it is conjectured that A(G) can be weakly amenable only when Ge
is abelian. It may well be the case, that Ge is abelian if A(G) has even a
non-zero weakly amenable closed ideal.
3.2. Local synthesis of the anti-diagonal. We begin with a lemma, in-
dicating a local property of local synthesis.
Lemma 3.2. Let A be a regular semi-simple commutative Banach algebra
with spectrum Ω, and E be a closed subset of Ω. If each point in E admits a
closed neighbourhood N such that N ∩ E is of local synthesis, then E itself
is of local synthesis.
Proof. Let u ∈ Ic(E). By assumption, there exists, for each x ∈ E, a closed
neighbourhood Nx of x such that
(3.1) u ∈ I0(Ex) where Ex = Nx ∩ E
as Ic(Ex) ⊃ I
c(E) ∋ u. By regularity of A, there is hx ∈ A whose support is
contained in the interior of Nx and for which there is an open neighbourhood
Ux of x such that hx|Ux = 1. By (3.1), given ε > 0, there is ux ∈ I
0(Ex) such
that ‖u− ux‖ < ε/ ‖hx‖. Hence it follows that ‖hxu− hxux‖ < ε. We have
that hxux ∈ I
0(E) since hxux vanishes on a neighbourhood of Ex∪ (Ω\Nx),
and hence on a neighbourhood of E. Since ε is arbitrary, we have that
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hxu ∈ I0(E) and hxux|Ux = ux|Ux . In other words, “u is locally contained in
I0(E)”. Then, a standard partition of unity argument shows that u ∈ I0(E).

With the above lemma we can obtain The following generalisation of
Theorem 2.4.
Theorem 3.3. Let G be a locally compact group which admits an open
subgroup H ∼= A×K, where A is an abelian group and K is compact. Then
the following are equivalent:
(i) A(G) is weakly amenable;
(ii) A(G) is hyper-Tauberian;
(iii) ∆ˇ = {(s, s−1) : s ∈ G} is a set of local synthesis for A(G×G);
(iv) I′A(G×G)(∆ˇ) = A(G×G)IA(G×G)(∆ˇ) is operator weakly amenable;
(v) Ge is abelian.
Proof. That (v) implies (ii) is [32, Theorem 21], and that (ii) implies (i)
is [32, Theorem 5]. If (i) holds, then by Theorem 3.1, Ke is abelian, hence
Ge = He ∼= A×Ke is abelian, so (v) holds.
Suppose (v) holds. Then Ke is abelian, and hence by Theorem 2.4 ∆ˇK
is a set of synthesis for A(K×K). Since ∆ˇA is a subgroup of A×A, it
is a set of synthesis for A(A×A) by [16, Theorem 2]. Hence it follows
(the operator space analogue of) [23, Theorem 1.6], that ∆ˇA×∆ˇK is a set
of synthesis for A(A×A)⊗̂A(K×K) ∼= A(A×A×K×K). By applying a
suitable automorphism it follows that ∆ˇH ∼= ∆ˇA×K is a set of synthesis for
A(H ×H) ∼= A(A×K×A×K). Hence ∆ˇH is a set of synthesis for A(G×G),
since H is open in G. If (s, s−1) ∈ ∆ˇG, then s = th for some t in G and
h in H. Hence (s, s−1) ∈ (t, e)∆ˇH(e, t
−1). Letting Ns = (t, e)H×H(e, t
−1)
we have that ∆ˇG ∩Ns = (t, e)∆ˇH(e, t
−1) is a set of (local) synthesis. Hence
by Lemma 3.2 we obtain (iii).
If (iii) holds, then
I′A(G×G)(∆ˇ) = I
c
A(G×G)
(∆ˇ) = I0A(G×G)(∆ˇ)
by regularity of G, and thus I′A(G×G)(∆ˇ) is essential. Since A(G×G) is
operator weakly amenable by [33], it follows [12, Proposition 3.5] (which is
the completely bounded version of [14, Corollary 1.3]) that (iv) holds.
Finally, suppose (iv) holds. Then I′A(G×G)(∆ˇG)|K×K = IA(K×K)(∆ˇK) is
operator weakly amenable. Hence IA(K×K)(∆ˇK) is essential by [12, Lemma
3.1]. Thus by Lemma 2.3 (ii) with E = {e}, and Proposition 2.5 (ii), A(K)
is weakly amenable. Hence Ke is abelian and so Ge ∼= Ae×Ke is abelian,
and we obtain (v). 
We say that a locally compact group G has small invariant neighbourhoods
if there is a basis for the identity of neighbourhoods invariant under inner
automorphisms. We say G is maximally almost periodic if it continuously
embeds into a compact group.
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Corollary 3.4. If G is either a small invariant neighbourhood group, or a
maximally almost periodic group, then the equivalent conditions of Theorem
3.3 hold.
Proof. Any locally compact group G admits an open almost connected sub-
groupH by [17, (7.3) & (7.7)]. If G is either a small invariant neighbourhood
group, or is maximally almost periodic, clearly H has the same property.
Then by [15, Theorem 2.9] H is isomorphic to a semi-direct product V ⋉ηK
where V is a vector group and K is compact with η(K) a finite subgroup of
automorphisms on V . (See [26, pages 1486-1487].) Then V×ker η is an open
subgroup of H, and hence of G. Thus we may appeal directly to Theorem
3.3. 
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